INTRODUCTION
In the early 1940's, Whitney proved that every C ∞ even function f (x) can be written f (x) = g(x 2 ) , where g is C ∞ [28] . About twenty years later, Glaeser
(answering a question posed by Thom in connection with the C ∞ preparation theorem) showed that a C ∞ function f (x) = f (x 1 , . . . , x m ) which is invariant under permutations of the coordinates can be expressed f (x) = g σ 1 (x), . . . , σ m (x) ,
where g is C ∞ and the σ i (x) are the elementary symmetric polynomials [10] . Of course, not every C ∞ function f (x) = f (x 1 , . . . , x m ) which is constant on the fibres of a (proper or semiproper) real analytic mapping y = ϕ(x) , y = (y 1 , . . . , y n ) ,
can be expressed as a composite f = g •ϕ , where g is C ∞ . We will say that ϕ has the C ∞ composite function property if every C ∞ function f (x) which is "formally a composite with ϕ " (see Definition 1.1 below) can be written f = g • ϕ , where g(y) is C ∞ . The theorem of Glaeser asserts that a semiproper real analytic mapping ϕ which is generically a submersion has the C ∞ composite function property.
The C ∞ composite function property depends only on the image X of ϕ , which is a closed subanalytic set [1] (cf. Corollary 1.5 below). Bierstone and Milman have proved, more generally, that a closed "Nash subanalytic" set X has the C ∞ composite function property [1] (cf. [19, 23, 26] ); the class of Nash subanalytic sets
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includes all semianalytic sets. The C ∞ composite function property is equivalent to several other natural geometric and algebraic conditions on a closed subanalytic set [6] ; in particular, to a formal semicoherence property (a stratified real version of the coherence theory of Oka and Cartan). Paw lucki has constructed an example of a closed subanalytic set which is not semicoherent [20] . Thus the C ∞ composite function property does not hold in general, but distinguishes an important class of subanalytic sets.
In this article, we introduce a new point of view towards Glaeser's theorem, with respect to which we can formulate a " C k composite function property" that is satisfied by all semiproper real analytic mappings (Theorems 1.2 and 1.3 below). As a consequence, we see that a closed subanalytic set X satisfies the C ∞ composite function property if and only if the ring C ∞ (X) of C ∞ functions on X is the intersection of all finite differentiability classes (Corollary 1.5).
Let k ∈ N ∪ {∞} , where N denotes the nonnegative integers. Suppose that A is a locally closed subset of R n and that B ⊂ A is closed (in the relative topology of A ). We let C k (A; B) denote the Fréchet algebra of restrictions to A of C k real-valued functions that are defined on neighbourhoods of A and are k -flat on
(" k -flat on B " means "vanishing on B together with all partial derivatives
Recall that a continuous mapping ϕ :
(For the definitions and basic properties of subanalytic and Nash subanalytic sets, see [1, 5, 7, 8, 9, 14, 16] .) Let Z denote a closed subanalytic subset of X . The mapping ϕ induces injective homomorphisms ϕ * :
given by composition ϕ
such that f is "formally a composite with ϕ "; i.e., for each a ∈ X , there is
Glaeser's theorem follows from Theorem 1.2: Assume that ϕ is generically a submersion, so that the interior int X of X is dense in X . Suppose that f ∈
Then g is C ∞ in int X and, by Theorem 1.2, g is the restriction to X of a
Thus all partial derivatives of g | int X extend continuously to X , and define a C ∞ Whitney field on X (cf. §3 below). By
Whitney's extension theorem, g is the restriction to X of a C ∞ function.
In general, put
The formula ϕ
that Theorem 1.2 implies the following:
There is a continuous injection C ∞ (X; Z) ֒→ C (∞) (X; Z) , where the latter has a topology as the inverse limit of the C k (X, Z) , k ∈ N ; it is easy to see that
, so that Theorem 1.3 has the following corollaries:
depends only on the image X of ϕ (cf. [1, 6] 
. The same conclusion holds if dim X ≤ 2 or if X has pure codimension 1 (by [22] ). It follows that, for any closed subanalytic subset 
DIVISION IN RINGS OF FORMAL POWER SERIES
We will prove Theorem 1.2 by the method used in [3,4] based on the division theorem of Grauert and Hironaka.
We totally order N n using the lexicographic ordering of (n + 1) -tuples (|α|, α 1 , . . . , α n ) , where α = (α 1 , . . . , α n ) ∈ N n and |α| = α 1 + · · · + α n . For every formal power series
, and the initial monomial mon F = f α y α , where α = exp F (when
Theorem 2.1. (cf. [11, 15] ). Let
, and let
, s , and
Moreover, exp R ≥ exp G and, for each i , 
WHITNEY FIELDS
Let p ∈ N\{0} and let A be a locally closed subset of
which fulfills the following conditions:
(the field of Taylor polynomials without constant terms).
a C p -mapping as above, and let Γ be a
and, for each b ∈ Γ and v ∈ T b Γ , we have This is a straightforward calculation.
Proposition 3.2. (cf. [4, §10])
. Let Λ be a C p -submanifold of R n and let
Proof. It is enough to consider the case Λ = R k × 0 ; the proposition then follows easily.
and suppose that σ is a rectifiable curve in U joining u, v . Let g ∈ C k (U ) , k ≥ 1 . It follows from the Mean Value Theorem (using an approximation of σ by piecewise-linear curves) that
where |σ| denotes the length of σ . If g is (k − 1) -flat at v , then (by iterating the inequality above) we get
Now suppose that F is a C ℓ Whitney field on σ . Let α ∈ N , |α| < ℓ , and apply the preceding inequality with k = ℓ − |α| and g(y) = ∂
where f ∈ C ℓ (U ) is a Whitney extension of F . We obtain
(This inequality holds trivially if |α| = ℓ ).
Let r ∈ N\{0} . A compact subset A of R n is called r -regular if there is a constant C > 0 such that any two points u, v ∈ A can be joined by a rectifiable curve σ in A of length |σ| ≤ C|u − v| 1/r . The following is a version of l'Hôpital's rule or Hestenes's lemma for r -regular sets (generalizing [27] ).
Proposition 3.4. Let A ⊃ B be compact subsets of R n , where A is r -regular.
Let k ∈ N and let F (a, y) = |α|≤kr
Assume that F restricts to C kr Whitney fields on B and on A\B . Then
Proof. For all u, v ∈ A and each α ∈ N n , |α| ≤ k ,
(3.5)
We can assume that F is kr -flat on B (by Whitney's extension theorem). Let u, v ∈ A , and let σ be a rectifiable curve in A of length ≤ C|u − v| 1/r joining u, v . Write
where c 1 is independent of u, v . By (3.5), if |α| ≤ k , then 
and (applying (3.6) with v in place of u )
and the required estimate again follows from (3.5).
STRATIFICATION OF A SUBANALYTIC MAPPING
We will use a theorem of Hardt on stratification of mappings [12, 13] in the version of Lojasiewicz [17] .
A subanalytic leaf in R m means a connected subanalytic subset of R m which is an analytic submanifold. Let E be a subanalytic subset of R m . A subanalytic stratification of E (in R m ) is a partition S of E into subanalytic leaves in R m , called strata, locally finite in R m , such that, for each S ∈ S , the boundary (S\S) ∩ E is a union of strata of dimension < dimS . A mapping ϕ : E → R n is called subanalytic if its graph is subanalytic in R m × R n . A partition P of E is called compatible with a family F of subsets of E if, for each P ∈ P and F ∈ F , either P ⊂ F or P ⊂ E\F . (
1) For each S ∈ S , ϕ(S) ∈ T and there is a commutative diagram
where T = ϕ(S) , P is a bounded subanalytic leaf in R s for some s , h is an analytic subanalytic isomorphism and π denotes the natural projection.
(2) S is compatible with F and T is compatible with G .
A pair (S, T ) of subanalytic stratifications as in (1) will be called a stratification of ϕ . If we weaken this definition by allowing S to be any finite partition into subanalytic leaves (but still requiring T to be a stratification), then the pair (S, T ) will be called a semistratification of ϕ .
Remark 4.2. Clearly, Theorem 4.1 is true for a subanalytic mapping ϕ : E → R n which is defined on a bounded subanalytic subset E of R m and extends continuously to E . 
Remark 4.4. If (S, T ) is a semistratification of ϕ , S ∈ S , T ∈ T and ϕ(S) = T , then there exists a subanalytic leaf Γ ⊂ S such that ϕ|Γ : Γ → T is an analytic isomorphism.
Let ϕ : E → R n be a bounded subanalytic mapping defined on a bounded subanalytic subset E of R m . For each q ∈ N , q ≥ 1 , we define the q -fold fibre product of E with respect to ϕ ,
There is a natural mapping Φ :
Let S (q) denote the family of all non-empty sets of the form (
where S 1 , . . . S q ∈ S . It is easy to see (using Remark 4.3) that (S (q) , T ) is a semistratification of Φ .
IDEALS OF RELATIONS
Let E be a bounded open subanalytic subset of R m , and let ϕ = (ϕ 1 , . . . , ϕ n ) :
E → R n be a mapping which extends to be analytic in a neighbourhood of E .
For each a ∈ X , we define the ideal of relations of order p among ϕ 1 , . . . , ϕ n over a as 
Let (S, T ) be a semistratification of ϕ . This induces a semistratification (S (q) , T ) of the mapping Φ :
and ρ 1 (b) the rank of the matrix of the system
(Of course, ρ 0 (b) depends on p , and ρ 1 (b) on p and l .) For each T ∈ T , we
Observe that if a ∈ T is a point such that
For each T ∈ T , let us take leaves S
Then there is a closed nowhere dense subset
Since T is finite, we can make p l independent of T .
This gives the following:
Now let us fix any p > p l . Take T ∈ T . The diagram of initial exponents 
PROOF OF THEOREM 1.2
Since ϕ is semiproper and X = ϕ(Ω) is compact, there exists a bounded open subanalytic subset E ⊂ R m such that E ⊂ Ω , ϕ(E) = X and ϕ|E : E → R n Let j ∈ J 0 . For each a ∈ Λ j , let V j (a, y) ∈ R[y] be the unique polynomial (of degree ≤ p ) such that W a (y) − V j (a, y) ∈ R p (a) and supp y V j (a, y) ⊂ ∆ j . Put
